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1. Preliminaries
In this paper we examine connections between the category of Lie triple systems and the category
of Lie algebras.
Lie triple systems appeared initially in E. Cartan’s study of symmetric spaces and totally geodesic
spaces [5]. The role played by Lie triple systems in the theory of symmetric spaces is parallel to that
of Lie algebras in the theory of Lie groups: the tangent space at every point of a symmetric space has
the structure of a Lie triple system. Moreover, the category of real ﬁnite-dimensional Lie triple systems
is equivalent to the category of connected simply connected symmetric spaces with base point [14,
Theorem II.4.12] or, alternatively, to the category of germs of symmetric spaces [3, Theorem I.2.9].
Other applications of Lie triple systems include representations of Jordan algebras [13] and meson
algebras [12], structurable algebras and triple systems [8], and Harish-Chandra modules over algebraic
groups in positive characteristic [10].
One of the main tools in the structure theory of Lie triple systems is the universal imbedding A(T )
of a Lie triple system T into Lie algebras introduced by N. Jacobson in [13]. Its universal properties
guarantee a functor A from the category of Lie triple systems to the category of Lie algebras. In fact,
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these settings A is full and faithful. Our main result is the following description of the image of A.
Theorem A. The category of Lie triple systems over a ﬁeld is equivalent to the category of Z2-graded Lie
algebras L = L0 ⊕ L1 such that L is generated by L1 and one of the following equivalent conditions hold.
(i) The second graded homology group Hgr2 (L) is 0.
(ii) The second graded cohomology group H2gr(L,M) is 0 for every module M with the trivial grading M = M0 .
This paper is organized as follows. We recall necessary deﬁnitions and constructions in Section 2.
In Section 3 we introduce a new construction of a universal enveloping Lie algebra A(T ) for a Lie
triple system T . It is done in the spirit of [1] and [4]. Our construction is more explicit than Jacobson’s
original construction and more convenient to work with.
Section 4 is concerned with the functor A. To describe the image of A we develop a theory parallel
to that of central extensions of perfect Lie algebras. We show that certain central extensions of A(T )
are always trivial. To complete the proof of Theorem A we give a homological interpretation of this
property.
In Section 5 we prove the following analog of Theorem A for Lie groups and symmetric spaces.
Theorem B. The category of connected simply-connected symmetric spaces with base point is equivalent to
the category of Lie groups with involution (G, σ ) such that
(i) G is connected and simply-connected,
(ii) G is generated by the space of symmetric elements Gσ , and
(iii) the invariant second cohomology group H2inv(G, σ ) is 0.
In our considerations the base ring is denoted by k and all maps are assumed in to be k-linear.
Through the most of the paper k is an arbitrary commutative ring. However, in our main result we
need to assume that k is a ﬁeld to ensure the canonical connection between the second cohomology
groups and central extensions.
2. Lie triple systems and Lie algebras
In this section we recall necessary deﬁnitions, constructions, and results about Lie triple systems
and the related Lie algebras. Details can be found in [12,9], and [11].
2.1. Lie triple systems
A Lie triple system over a commutative ring k is a k-module T with a k-trilinear map [ , , ] :
T × T × T → T satisfying the identities
[a,a,b] = 0 (1)
[a,b, c] + [b, c,a] + [c,a,b] = 0 (2)
[
a,b, [c,d, e]]= [[a,b, c],d, e]+ [c, [a,b,d], e]+ [c,d, [a,b, e]] (3)
for any a,b, c,d, e ∈ T . Note that the linearization of (1) wields
[a, c,b] + [c,a,b] = 0. (4)
O.N. Smirnov / Journal of Algebra 341 (2011) 1–12 3A k-linear map α : T → S between two Lie triple systems T and S is called a homomorphism of
Lie triple systems if α([a,b, c]) = [α(a),α(b),α(c)] for any a,b, c ∈ T . The category of all Lie triple
systems with the morphisms as above is denoted by LTS.
Any Lie algebra L considered with the trilinear product [a,b, c] = [[a,b], c] is a Lie triple system.
More generally, any k-submodule T of a Lie algebra L, which closed under [[ , ], ], is a Lie triple
system. The construction deﬁned in Section 2.3 shows that any Lie triple system can be realized in
this way.
Since any Lie algebra homomorphism preserves the product [a,b, c], one has a forgetful functor
T : LA → LTS from the category LA of Lie algebras to LTS: T L is a Lie algebra L considered as a
Lie triple system and T ϕ : T L → T K is a Lie algebra homomorphism ϕ : L → K considered as a
homomorphism of triple systems.
2.2. Universal imbeddings of a Lie triple system
If T is a Lie triple system and L is a Lie algebra, then a homomorphism ε : T → T L is called an
imbedding of the triple system T into the algebra L. An imbedding ν : T → T U into a Lie algebra U
is called universal if for every imbedding ε : T → T L there is a unique Lie algebra homomorphism
ϕ : U → L such that the diagram below is commutative.
T
ν
ε
T U
T ϕ
T L
It was shown by Jacobson in [13] that for every Lie triple system there exists a universal imbedding.
Hence, the functor T : LA→ LTS has a left adjoint.
Let us recall Jacobson’s construction of a universal imbedding. For a Lie triple system T let L〈T 〉
be a free Lie algebra on a k-module T with the inclusion map ι : T → L〈T 〉 and let I〈T 〉 be the ideal
of L〈T 〉 generated by the elements of the form [[ι(a), ι(b)], ι(c)] − ι([a,b, c]) for a,b, c ∈ T . Then the
algebra U = L〈T 〉/I〈T 〉 together with the map ν : a → ι(a) + I〈T 〉 is a universal imbedding of T .
2.3. The standard imbedding of a Lie triple system
The map ν : T → T U considered above is in fact injective. This and other properties of U follow
from the next construction also due to Jacobson [13].
An endomorphism D ∈ Endk(T ) of a Lie triple system T is said to be a derivation of T if for any
a,b, c ∈ T
D[a,b, c] = [Da,b, c] + [a, Db, c] + [a,b, Dc]. (5)
It is easy to check that the set Der(T ) of all derivations of T is a Lie subalgebra of Endk(T ).
Setting Da,bc = [a,b, c] we obtain an endomorphism Da,b ∈ Endk(T ). Identity (3) implies that Da,b
is a derivation of T . Also, Eq. (5) can be written in the form
[D, Da,b] = DDa,b + Da,Db (6)
which implies that the set Inder(T ) = span{Da,b: a,b ∈ T } is an ideal of the Lie algebra Der(T ). The
elements of Inder(T ) are called inner derivations of T .
The set Ste(T ) = Inder(T ) ⊕ T with the product
[X + a, Y + b] = ([X, Y ] + Da,b
)+ (Xb − Ya), (7)
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T → Inder(T ) ⊕ T is called the standard imbedding of the Lie triple system T .
2.4. Z2-gradings
Recall that a Lie algebra L is said to be Z2-graded if L is a direct sum of a pair of k-submodules
L0 and L1 such that [Li, L j] ⊆ Li+ j for any i, j ∈ Z2 = {0,1}. The decomposition L = L0 ⊕ L1 is called
a Z2-grading of L. If L = L0 ⊕ L1 and K = K0 ⊕ K1 are Z2-graded, a homomorphism ϕ : L → K is said
to be graded provided that ϕ(Li) ⊆ Ki for any i ∈ Z2.
It follows immediately from (7) that the direct sum decomposition of the algebra Ste(T ) =
Inder(T ) ⊕ T is a Z2-grading. Likewise, any universal imbedding (U , ν) of T possesses a canoni-
cal Z2-grading. Indeed, the universal properties of (U , ν) imply that ν(T ) generates U and hence
U = [ν(T ), ν(T )] + ν(T ). Moreover, since the canonical inclusion map ι : T → Ste(T ) is injective and
[ι(T ), ι(T )] ∩ ι(T ) = 0, we conclude that ν : T → U is injective and that [ν(T ), ν(T )] ∩ ν(T ) = 0. Thus,
the decomposition U = [ν(T ), ν(T )] ⊕ ν(T ) is a Z2-grading of U .
Usually, the algebras Ste(T ) and U are considered as algebras with period-two automorphisms
rather than as Z2-graded algebras. We prefer to consider Z2-gradings because it allows us to maintain
a characteristic-free approach. Note also that these concepts are equivalent if the base ring k has no
2-torsion.
3. Alternative construction of universal imbedding
The aim of this section is to introduce a more explicit construction of the universal imbedding.
Similar constructions were considered for the Lie algebras graded by root systems (see [2] and [4])
and for certain Z-graded algebras (see [1]).
3.1. Construction of A(T )
Through the rest of this section we let T be a Lie triple system over k. Our ﬁrst step is to describe
a central extension of the algebra Inder(T ).
Since T is a module over the Lie algebra Der(T ), the exterior product T ∧ T over k is a Der(T )-
module under the action
D · (a ∧ b) = Da ∧ b + a ∧ Db (8)
for D ∈ Der(T ) and a,b ∈ T . Moreover, formula (8) and identity (6) imply that the map λ : T ∧ T →
Der(T ) deﬁned by λ(a ∧ b) = Da,b is a module homomorphism from T ∧ T to the adjoint module
Der(T ) and that Im(λ) = Inder(T ).
To construct the required central extension we use the following version of [4, Lemma 5.6]. This
version was suggested by J.R. Faulkner.
Lemma 3.1. Let M be a module over a Lie algebra L and let λ : M → L be an L-module homomorphism. Then
(i) A(M) = span{λ(m) ·m: m ∈ M} is a submodule of M and Im(λ) · Ker(λ) ⊆ A(M) ⊆ Ker(λ);
(ii) the map μ : M/A(M) → L induced by λ is an L-module homomorphism;
(iii) the quotient module Q = M/A(M) forms a Lie algebra relative to the product [p,q] = μ(p) · q for
p,q ∈ Q ; and
(iv) Im(λ) is a subalgebra of L and μ : Q → Im(λ) is its central extension.
Proof. Linearization of the expression λ(m) ·m implies that elements of the form λ(m) · n + λ(n) ·m
belong to A(M). It follows that
l · (λ(m) ·m)= [l, λ(m)] ·m + λ(m) · (l ·m) = λ(l ·m) ·m + λ(m) · (l ·m) ∈ A(M)
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[λ(m), λ(m)] = 0. Besides, for any λ(m) ∈ Im(λ) and any n ∈ Ker(λ) we have λ(m) ·n = λ(m) ·n+λ(n) ·
m ∈ A(M). Thus, (i) is established. The assertion (ii) is immediate.
To prove (iii) we note ﬁrst that
μ(p) · p = 0 and μ(p) · q + μ(q) · p = 0 (9)
for p,q ∈ Q = M/A(M) and hence the product deﬁned in (iii) is anticommutative. Next, it follows
from (ii) and (9) that
[[p,q], r]+ [[q, r], p]+ [[r, p],q]= μ(μ(p) · q) · r + μ(μ(q) · r) · p + μ(μ(r) · p) · q
= [μ(p),μ(q)] · r − μ(p) · (μ(q) · r)+ μ(q) · (μ(p) · r)= 0
for p,q, r ∈ Q . Thus Q is a Lie algebra.
Finally, to establish (iv) we note that the equality μ([p,q]) = μ(μ(p) · q) = [μ(p),μ(q)] follows
from (ii) and (iii). Hence, Im(λ) = Im(μ) is a subalgebra of L and μ is a homomorphism. The def-
inition of product in (iii) implies also that Ker(μ) ⊆ Center(Q ). Thus, μ : Q → Im(μ) = Im(λ) is a
central extension. 
Let us return to the map λ : T ∧ T → Der(T ), λ(a ∧ b) = Da,b . It is easy to see that A(T ∧ T ) =
span{λ(x) · x: x ∈ T ∧ T } is spanned by the elements of the form
Da,b(a ∧ b) (10)
Da,b(c ∧ d) + Dc,d(a ∧ b) (11)
for a,b, c,d ∈ T . Note that if k has no 2-torsion, then (10) is a special case of (11).
We let 〈T , T 〉 denote the quotient module (T ∧ T )/A(T ∧ T ) and let 〈a,b〉 denote the coset con-
taining a ∧ b. Lemma 3.1 implies
Corollary 3.2. The k-module 〈T , T 〉 is a Lie algebra relative to the product
[〈a,b〉, 〈c,d〉]= 〈Da,bc,d〉 + 〈c, Da,bd〉. (12)
Moreover, the map μ : 〈T , T 〉 → Inder(T ), μ(〈a,b〉) = Da,b, is a central extension.
To lift μ : 〈T , T 〉 → Inder(T ) to the extension of Ste(T ) = Inder(T ) ⊕ T the following axillary
lemma is useful. Its veriﬁcation is straightforward and therefore is omitted.
Lemma 3.3. Let M be a module over a Lie algebra L and let 〈 , 〉 : M∧M → L be an L-module homomorphism,
i.e.,
[
x, 〈m,n〉]= 〈x ·m,n〉 + 〈m, x · n〉 (13)
for x ∈ L and m,n ∈ M. Assume also that
〈m,n〉 · k + 〈n,k〉 ·m + 〈k,m〉 · n = 0 (14)
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[x+m, y + n] = ([x, y] + 〈m,n〉)+ (x · n − y ·m)
for x, y ∈ L and m,n ∈ M.
Corollary 3.4. The space A(T ) = 〈T , T 〉 ⊕ T with the product
[X + a, Y + b] = ([X, Y ] + 〈a,b〉)+ (μ(X)b − μ(Y )a), (15)
where X, Y ∈ 〈T , T 〉 and a,b ∈ T , is a Z2-graded Lie algebra. Moreover, the map υ : A(T ) → Ste(T ), deﬁned
by υ(X + a) = μ(X) + a, is a graded central extension.
Proof. First, we note that T is a 〈T , T 〉-module relative to the representation μ : 〈T , T 〉 → Inder(T ) ⊆
Endk(T ). Besides, (13) follows from (12) and (14) follows from (2).
Finally, comparing (7) and (15) one can see that υ is a homomorphism. Moreover, υ is a central
extension because μ is. 
3.2. Universal property of A(T )
Here we consider T as a subspace of A(T ) = 〈T , T 〉⊕ T . It follows from (15) that T generates A(T ).
Theorem 3.5. For every Lie triple system T the canonical inclusion map ιT : T → A(T ) = 〈T , T 〉 ⊕ T is a
universal imbedding.
Proof. Let L be a Lie algebra and let ε : T → T L be an imbedding, i.e., for every a,b, c ∈ T
ε
([a,b, c])= [[ε(a), ε(b)], ε(c)]. (16)
We need to construct a Lie algebra homomorphism ϕ : A(T ) → L extending ε and prove that such ϕ
is unique.
First, we claim that there exists a well-deﬁned map 〈ε, ε〉 : 〈T , T 〉 → L such that
〈ε, ε〉(〈a,b〉)= [ε(a), ε(b)] (17)
for every a,b ∈ T . It suﬃces to show that the k-submodule A(T ∧ T ) of 〈T , T 〉 spanned by the ele-
ments (10) and (11) is in the kernel of the map ζ : T ∧ T → L deﬁned by ζ(a ∧ b) = [ε(a), ε(b)]. This
is indeed the case, since for any a,b, c,d ∈ T we have
ζ
([a,b,a] ∧ b + a ∧ [a,b,b])= [ε([a,b,a]), ε(b)]+ [ε(a), ε([a,b,b])]
= [[[ε(a), ε(b)], ε(a)], ε(b)]+ [ε(a), [[ε(a), ε(b)], ε(b)]]
= [[ε(a), ε(b)], [ε(a), ε(b)]]= 0 and
ζ
([a,b, c] ∧ d + c ∧ [a,b,d] + [c,d,a] ∧ b + a ∧ [c,d,b])
= [[[ε(a), ε(b)], ε(c)], ε(d)]+ [ε(c), [[ε(a), ε(b)], ε(d)]]+ [[[ε(c), ε(d)], ε(a)], ε(b)]
+ [ε(a), [[ε(c), ε(d)], ε(b)]]
= [[ε(a), ε(b)], [ε(c), ε(d)]]+ [[ε(c), ε(d)], [ε(a), ε(b)]]= 0.
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by
ϕ(X + a) = 〈ε, ε〉(X) + ε(a) (18)
for X ∈ 〈T , T 〉 and a ∈ T , is a Lie algebra homomorphism. By construction, ϕ|T = ε. Since T generates
A(T ), there is only one such homomorphism ϕ . 
4. A category of Lie algebras equivalent to LTS
The goal of this section is to determine a category of Lie algebras equivalent to LTS.
4.1. The functor A : LTS→ LAZ2
The universal property of the algebra A(T ) warrants the existence of a left adjoint to the forgetful
functor T : LA → LTS discussed in Section 2.1. The functor A : LTS → LA sends every system T to
the algebra A(T ) and every morphism α : T → S to the morphism ϕ : A(T ) → A(S) deﬁned by (17)
and (18) for the imbedding ε = ιS ◦ α. These formulas imply also that the functor A is faithful.
In fact, it is advantageous to consider A as a functor to the category LAZ2 of Z2-graded Lie algebras
with graded homomorphisms, because as such A is both full and faithful. Since LAZ2 is a subcategory
of LA we use the same notation for the functor A : LTS→ LAZ2 .
Furthermore, A : LTS → LAZ2 has a right adjoint R which can be described as follows: for a Z2-
graded Lie algebra L = L0 ⊕ L1 the odd component L1 is a Lie triple system relative to the ternary
product [a,b, c] = [[a,b], c], so we set RL = L1. If ϕ : L → K is a graded homomorphism, then the
restriction of ϕ on L1 gives us a homomorphism of Lie triple systems which is taken to be Rϕ .
Theorem 3.5 implies that ιT : T → RA(T ) ⊆ A(T ) is a universal arrow from T to R. For convenience
of references we restate Theorem 3.5 for Z2-graded algebras.
Theorem 4.1. Let L = L0 ⊕ L1 be a Z2-graded Lie algebra and let T be a Lie triple system. For every homomor-
phism α : T → L1 there is a unique graded homomorphism αˆ : A(T ) → L extending α. This homomorphism
is deﬁned by the formula: αˆ(
∑
i〈ti, t′i〉 + t) =
∑
i[α(ti),α(t′i)] + α(t).
Since A : LTS → LAZ2 is full and faithful, the category LTS is equivalent to the full subcategory
of LAZ2 whose objects are the Lie algebras isomorphic to the algebras A(T ). To give an intrinsic
description of this subcategory we need to characterize the Lie algebras of the form A(T ).
4.2. Central 0-extensions
Our ﬁrst goal is to show that the central extension υ : A(T ) → Ste(T ) is universal in a certain
class of extensions. The model for our treatment is the theory of central extensions of perfect Lie
algebras (e.g. see [15, Section 7.9]). Throughout this section all Lie algebras and homomorphisms are
assumed to be Z2-graded.
A homomorphism ϕ : K → L is called a 0-extension of L if ϕ is surjective and Ker(ϕ) ⊆ K0. Thus
an epimorphism ϕ : K → L is a central 0-extension if Ker(ϕ) ⊆ K0 ∩ Center(K ). Naturally, a central
0-extension υ : U → L is termed universal if for every central 0-extension ϕ : K → L there is a unique
homomorphism ψ : U → K such that the diagram
U
υ
ψ
L
K
ϕ
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up to an isomorphism.
Theorem 4.2. If a Z2-graded Lie algebra L is generated by L1 , then υ : A(L1) → L is a universal central
0-extension of L for the map υ = îdL1 as in Theorem 4.1.
Proof. Assume that ϕ : K → L is a central 0-extension of L. Since ϕ is an epimorphism and Ker(ϕ) ⊆
K0, the Lie triple system homomorphism Rϕ : K1 → L1 is invertible. It follows then from Theorem 4.1
that for the map (Rϕ)−1 : L1 → K1 there exists a unique Lie algebra homomorphism ψ : A(L1) → K
such that Rψ = (Rϕ)−1 or Rϕ ◦Rψ = idL1 . Since Rυ = idL1 , one has Rϕ ◦Rψ =Rυ . This equality
implies ϕ ◦ ψ = υ since A(L1) is generated by L1. 
Corollary 4.3. If a Z2-graded Lie algebra L is generated by L1 , then L  〈L1, L1〉/I ⊕ L1 where I is a central
ideal of L contained in 〈L1, L1〉.
Corollary 4.4. For every Lie triple system T the algebra A(T ) is a universal central 0-extension of Ste(T ).
Proof. Since Ste(T )1 = T , the proof follows. 
Remark 4.5. Theorem 4.2 implies that if L is generated by L1 then any universal central 0-extension
U = U0 ⊕ U1 of L is generated by U1. Moreover, L is generated by L1 if and only if there exists a
universal central 0-extension U of L such that U is generated by U1. Unlike the case with perfect Lie
algebras, mere existence of a universal central 0-extension of L does not necessarily imply that L is
generated by L1. For example, a non-zero perfect Lie algebra L with the trivial grading L = L0 is not
generated by L1. However, a universal central extension of L exists and it is also a universal central
0-extension of L.
Our next step is to prove a recognition theorem for universal central 0-extensions similar to [15,
Recognition Criterion 7.9.4] for perfect Lie algebras. Here we say that a Z2-graded Lie algebra L =
L0 ⊕ L1 is centrally 0-closed, if every central 0-extension of L splits in a unique way.
Theorem4.6. Assume that υ : U → L is a central 0-extension of a Lie algebra L generated by L1 . This extension
is universal if and only if U is generated by U1 and centrally 0-closed.
Proof. Assume ﬁrst that υ : U → L is universal. As we argued in Remark 4.5 in this case U is gener-
ated by U1.
Let ϕ : K → U be a central 0-extension of U . Then K ′ = [K1, K1] + K1 is a graded subalgebra of K ,
the inclusion map ι′ : K ′ → K and the composition υ ◦ ϕ ◦ ι′ : K ′ → L are a graded homomorphisms.
We claim that υ ◦ ϕ ◦ ι′ : K ′ → L is a central 0-extension of L.
The inclusions Ker(υ) ⊆ U0 and Ker(ϕ) ⊆ K0 imply that Ker(υ ◦ ϕ) = {k ∈ K : ϕ(k) ∈ Ker(υ)} ⊆
{k ∈ K : ϕ(k) ∈ U0} ⊆ K0. This together with the fact that υ ◦ ϕ is an epimorphism imply that (υ ◦
ϕ ◦ ι′)(K1) = L1. Furthermore, L0 = [L1, L1] = (υ ◦ϕ ◦ ι′)([K1, K1]) = (υ ◦ϕ ◦ ι′)(K ′0). Thus, υ ◦ϕ ◦ ι′ is
an epimorphism.
In addition, Ker(υ ◦ ϕ ◦ ι′) ⊆ K ′ ∩ K0 ⊆ K ′0. Moreover, ϕ(k) ∈ Ker(υ) ⊆ Center(U ) for every k ∈
Ker(υ ◦ ϕ ◦ ι′) and therefore we have [k, K1] ∈ Ker(ϕ) ∩ K1 = 0. This implies that Ker(υ ◦ ϕ ◦ ι′) ⊆
Center(K ′) justifying our claim that υ ◦ ϕ ◦ ι′ is a central 0-extension.
For this extension there exists a map ψ : U → K ′ such that (υ ◦ ϕ ◦ ι′) ◦ ψ = υ . However, for the
extension υ : U → L the identity map idU also has the property υ ◦ idU = υ , so ϕ ◦ ι′ ◦ ψ = idU . The
splitting map ι′ ◦ ψ is unique since U1 generates U . Therefore U is centrally 0-closed.
Conversely, assume that U is generated by U1 and is centrally 0-closed. Let ϕ : K → L be a central
0-extension of L.
To construct a map from U to K we will show that the pullback of ϕ along υ is a central 0-exten-
sion of U . The direct sum of algebras K ⊕ U is endowed with a Z2-grading: (K ⊕ U )i = Ki ⊕ Ui for
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and that the projections πK : A → K , πK (k + u) = k, and πU : A → U , πU (k + u) = u, are graded
epimorphisms. The deﬁnition of A implies that
ϕ ◦ πK = υ ◦ πU . (19)
Note that πU : A → U is a central 0-extension of U because Ker(πU ) = {k + 0 ∈ K ⊕ U : k ∈
Ker(ϕ)} ⊆ Center(A)∩ A0. Thus there is a splitting morphism ψ : U → A with πU ◦ψ = idU . It follows
then from (19) that ϕ ◦ (πK ◦ ψ) = υ ◦ πU ◦ ψ = υ .
To show that πK ◦ ψ is unique with this property assume that ϕ ◦ μ = 0 for a homomorphism
μ : U → K . One has μ(U ) ⊆ Ker(ϕ) ⊆ K0 and hence μ(U1) = 0. It follows that μ = 0 because U is
generated by U1. 
Corollary 4.7. A Z2-graded Lie algebra L is isomorphic to A(T ) for some Lie triple system T if and only if L is
generated by L1 and is centrally 0-closed.
Proof. If L  A(T ), then L is generated by L1. It follows from Corollary 4.4 and Theorem 4.6 that
A(T ) is centrally 0-closed.
Conversely, assume that L is generated by L1 and centrally 0-closed. Then the central 0-extension
υ : A(L1) → L described in Theorem 4.2 splits. The splitting map θ : L → A(L1) is injective since
υ ◦ θ = idL .
We claim that θ is also bijective. Indeed, since υ|L1 = idL1 for l1,k1 ∈ L1 in A(L) one has 〈l1,k1〉 =[l1,k1] = [θ(υ(l1)), θ(υ(k1))] = θ([υ(l1),υ(k1)]). Thus, L  A(L1). 
Corollary 4.8. The category LTS is equivalent to the category of centrally 0-closed Z2-graded Lie algebras
generated by their odd graded components.
4.3. Homological characterization
The condition on extensions in Corollary 4.8 has a natural homological characterization which we
will ﬁnd in this section.
If k is a ﬁeld of characteristic different from 2, Harris developed a cohomology theory for the Lie
algebras with involutions and showed that the central extensions in this category of algebras are in
a bijective correspondence with the elements of the second cohomology group which preserve the
involution [9].
For our purposes we need a graded version of the classical cohomology theory. Here we present
an adaptation of the classical notions and arguments to the graded algebras. Throughout this section
we assume that k is a ﬁeld.
Recall that the graded homology groups Hgr∗ (L) = Hgr∗ (L,k) of a Z2-graded Lie algebra L = L0 ⊕ L1
with coeﬃcients in the one-dimensional trivial module k are the homology groups of the following
subcomplex of Chevalley–Eilenberg chain complex
· · · → Gr(∧n+1L) δn→ Gr(∧nL)→ ·· ·
where Gr(
∧n L) =∑i1+i2+···+in=0 Li1 ∧ Li2 ∧ · · · ∧ Lin with the standard boundary map δn given by
δn(x1 ∧ x2 ∧ · · · ∧ xn+1) =∑1i< jn+1(−1)i+ j[xi, x j] ∧ x1 ∧ · · · ∧ xˆi ∧ · · · ∧ xˆ j ∧ · · · ∧ xn+1.
The graded cohomology groups H∗gr(L,M) of L with coeﬃcients in a trivial L-module M are the
cohomology groups of the dual cochain complex
· · · → Homgr(∧nL,M) δn→ Homgr(∧n+1L,M)→ ·· ·k k
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∧n L,M) = { f ∈ Homk(∧n L,M): f (Li1 ∧ Li2 ∧ · · · ∧ Lin ) ⊆ Mi1+i2+···+in } and δn( f ) =
f ◦ δn .
Theorem 4.9. Assume that L = L0 ⊕ L1 is a Z2-graded Lie algebra generated by L1 . Then following are equiv-
alent:
(i) L is centrally 0-closed.
(ii) Hgr2 (L) = 0.
(iii) H2gr(L,M) = 0 for every module M such that M = M0 .
Proof. Assume that L is centrally 0-closed and consider
∑
xi ∧ yi ∈ Ker(δ1). We can assume fur-
ther that xi, yi ∈ L1 since L0 = [L1, L1] implies that L0 ∧ L0 ⊆ L1 ∧ L1 + Im(δ2). Now, it follows that
υ(
∑〈xi, yi〉) =∑[xi, yi] = 0 for the map υ = îdL1 : 〈L1, L1〉 ⊕ L1 → L0 ⊕ L1 from Theorem 4.2. We
proven in Corollary 4.7 however that υ is an isomorphism, so
∑
xi ∧ yi ∈ A(L1 ∧ L1) ⊆ Im(δ2) where
the latter inclusion follows easily from (10)–(11). Therefore Hgr2 (L) = 0.
Assume next that Hgr2 (L) = 0 and M is an L-module with the trivial grading M = M0. Then L1M =
L1M0 ⊆ M1 = 0 and hence LM = ([L1, L1] + L1)M = 0, so M is a trivial L-module. For every 2-cocycle
σ : L ∧ L → M in Ker(δ2) one can deﬁne a map τσ : L0 → M0 by setting τσ (x) = σ(∑ai ∧ bi) for
every x = ∑[ai,bi] ∈ L0 = [L−1, L1]. Such a map is well-deﬁned because Ker(δ1) ⊆ Ker(σ ). Clearly,
σ = τσ ◦ δ1, so σ is a co-boundary. Thus H2gr(L,M) = 0.
Assume ﬁnally that H2gr(L,M) = 0 for every module M such that M = M0. Let ϕ : K → L be a
central 0-extension of L. Since Ker(ϕ) ⊆ K0 and L0 is projective as k-module, there is a linear map
η : L → K such that η preserves the grading and ϕ ◦ η = idL .
We consider Ker(ϕ) as a trivial L-module with the grading Ker(ϕ) = Ker(ϕ)0. It is known that the
map σ : L ∧ L → Ker(ϕ) deﬁned by σ(x ∧ y) = [η(x), η(y)] − η([x, y]) is a 2-cocycle. Moreover, for
every xi ∈ Li and y j ∈ L j , we have σ(xi ∧ y j) = [η(xi), η(y j)] − η([xi, y j]) ∈ M ∩ Ki+ j ⊆ Mi+ j . Hence
σ ∈ Z2gr(L,Ker(ϕ)).
Since H2gr(L,Ker(ϕ)) = 0, there is a linear map τ : L → Ker(ϕ) such that σ(x∧ y) = τ ([x, y]). Then
the map ψ = η + τ is a Lie algebra homomorphism ψ : L → K . Indeed,
ψ
([x, y])= η([x, y])+ τ ([x, y])= [η(x),η(y)]= [η(x) + τ (x),η(y) + τ (y)]
= [ψ(x),ψ(y)].
Besides, ϕ ◦ψ = idL since ϕ ◦τ = 0. Thus ψ is a splitting map for ϕ . Uniqueness of ψ follows from
L0 = [L1, L1]. 
Remark 4.10. The equivalence of (ii) and (iii) in the case of 3-graded Lie algebras was noted ﬁrst
in [6].
Remark 4.11. Corollary 4.8 and Theorem 4.9 imply Theorem A.
5. Lie groups with involution and symmetric spaces
In conclusion we show that the imbedding of Lie triple systems into graded Lie algebras, described
in Theorem A, can be lifted to an imbedding of symmetric spaces to Lie groups with involution.
To this end we consider the category LGσ of Lie groups with involution. An object of LGσ is a pair
(G, σG) where G is a real Lie group and σG is an involutive automorphism of G , called an involution
for short. We often write σ for σG , when no confusion can arise. A morphism from (G, σG) to (H, σH )
is a Lie group homomorphism ϕ : G → H such that ϕ ◦ σG = σH ◦ ϕ .
Let d be the functor that sends a Lie group G to its Lie algebra g = dG . Then for every object
(G, σ ) from LGσ the involutive automorphism dσ of the Lie algebra g = dG deﬁnes a Z2-grading
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a functor from LGσ to the category of real Z2-graded Lie algebras LAZ2 .
Next, we recall that a real manifold M is termed a symmetric space if for any x ∈ M there is a
differentiable map Sx : M → M such that
(i) S2x = idM ,
(ii) SxS y Sx = S Sx y for any y ∈ M , and
(iii) x is an isolated ﬁxed point of Sx .
The tangent space Tp(M) at a point p is a Lie triple system under the product [X, Y , Z ] = R(X, Y )Z
where R : M ⊗ M → M is the curvature tensor of M . In fact, the map (M, p) → Tp(M) rises to a
functor dlts from the category SymSp(p) of pointed symmetric spaces to the category LTS of Lie triple
systems.
On the other hand, for an object (G, σ ) from LGσ the space of symmetric elements Gσ =
{gσ(g)−1: g ∈ G} forms a symmetric space under the operation Sx(y) = xy−1x. Furthermore, the
restriction of any morphism ϕ : (G, σG) → (H, σH ) gives a morphism ϕ|Gσ : (Gσ , eG) → (Hσ , eH ) of
pointed symmetric spaces where eG and eH are the identity elements of G and H respectively. The
functor thus obtained is denoted by S.
These three functors together with the forgetful functor R : LAZ2 → LTS introduced in 4.1 form
the following diagram
LGσ
S
d
SymSp(p)
dlts
LAZ2
R
LTS
which is commutative by Proposition IV.4.4 from [14].
To invert the vertical arrows in this diagram one has to restrict them to appropriate subcate-
gories. Namely, d provides an equivalence between the category LGσcsc of connected simply connected
Lie groups with involution and the category LAfd
Z2
of ﬁnite-dimensional graded Lie algebras; while
dlts furnishes the equivalence between the category SymSp
(p)
csc of connected simply connected sym-
metric spaces with base point and the category LTSfd of ﬁnite-dimensional Lie triple systems [14,
Theorem II.4.12].
It follows from Theorem A that the functor A is an imbedding of LTSfd into LAfd
Z2
, so composing A
with appropriate vertical arrows we obtain a commutative diagram
LGσcsc
S
d
SymSp(p)csc
G
dlts
LAfd
Z2
R
LTSfd
A
where G is an imbedding of SymSp(p)csc into LG
σ
csc . A description of the image of G will follow from
Lemma 5.1. Let (G, σ ) be a connected Lie group with involution and let g = g0 ⊕ g1 be the corresponding
Z2-graded Lie algebra. The group G is generated by Gσ if and only if the algebra g is generated by g1 .
Proof. If g is generated by g1, then it follows from [14, Lemma I.3.2] that G is generated by
{exp(x): x ∈ g1}. Besides, exp(x) = exp( 12 x)σ (exp( 12 x))−1 ∈ Gσ for any x ∈ g1. So, G is generated
by Gσ .
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is an ideal, so the connected subgroup H corresponding to h is normal. It suﬃces to prove that H
contains Gσ .
There exists a neighborhood U of 0 in g , which is diffeomorphic to a neighborhood V of identity
in G via the exponential map exp : g → G . Also, there exists a neighborhood U˜ ⊆ U of 0 such that for
W = exp(U˜ ) one has WW ⊆ V , W−1 ⊆ W , and W σ ⊆ W .
Since W is a neighborhood of the identity, G is generated by W = exp(U˜ ). Thus an arbitrary
element X = Yσ(Y )−1 ∈ Gσ can be represented as
X = exp(x1) · · ·exp(xn)exp
(−xdσn
) · · ·exp(−xdσ1
)
(20)
where each xi ∈ U˜ . We use the induction on n to prove that X ∈ H .
For n = 1, exp(x1)exp(−xdσ1 ) ∈ Wσ(W )−1 ⊆ V and hence for some y ∈ U one has exp(x1)×
exp(−xdσ1 ) = exp(y). Moreover, exp(ydσ ) = σ(exp(y)) = σ(exp(x1)exp(−xdσ1 )) = (exp(x1) ×
exp(−xdσ1 ))−1 = exp(−y). It follows that y ∈ g1 and exp(x1)exp(−xdσ1 ) = exp(y) ∈ H .
Now we consider (20) for an arbitrary n. Since exp(xn)exp(−xdσn ) = exp(z) ∈ H and H is normal,
we have that
X = exp(x1) · · ·exp(xn)exp
(−xdσn
) · · ·exp(−xdσ1
)
= exp(x1) · · ·exp(xn−1)exp
(−xdσn−1
) · · ·exp(−xdσ1
)
× [(exp(−xdσn−1
) · · ·exp(−xdσ1
))−1
exp(z)
(
exp
(−xdσn−1
) · · ·exp(−xdσ1 )
)] ∈ H . 
According to the classical result by Chevalley and Eilenberg [7] the cohomology groups H∗inv(G) of
a Lie group G obtained using the left invariant forms can be identiﬁed with the cohomology groups of
the corresponding Lie algebra g = dG . Via this identiﬁcation we can deﬁne the cohomology groups of
(G, σ ) to be H∗gr(g) for the grading of g determined by dσ . Moreover, since the base ring considered
here is a ﬁeld of characteristic 0 and the vector spaces are ﬁnite-dimensional, the condition (ii) of
Theorem A is equivalent to H2gr(g) = 0. Therefore Theorem A and the lemma above imply Theorem B.
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